3. Shafts in torsion
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Nomenclature
T Torsional moment/torque [Nmm)] G Shear modulus [N/mm?]
r Shaft radius [mm] J Polar moment of inertia [mm#]
p Internal shaft radius, r>p [mm] T Shear stress [N/mm?2]
Yy Shear strain [rad] 0 Angles in general [rad]
0] Angle of twist [rad] L Length [mm)]
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3.1 Introduction

Torsion refers to a state of stress induced by twisting of a slender member caused by moments
around the longitudinal axis. This direction will in the following again be denoted the axial
direction and furthermore the torsional moments are usually referred to as torques. The
simplest case of torsion imaginable is constituted by a shaft with constant diameter subjected to
a torque in each end. This is shown in Figure 3-1-A and B which also shows the two different
ways of drawing a torsional moment (as a moment with an indicated rotation and as a vector).
Recalling that stresses always are calculated on basis of internal forces and moments, the
internal torques will be considered. It is noted, that the internal moment in the shaft shown is
constant and is of magnitude T. This is due to, that no matter in which section we cut the shaft,
the internal moment in this section must solely maintain equilibrium with the end torque T. We
shall in the following see that a shaft subjected to pure torsion is in a state of pure shear.

It is of great importance to note that the theory described in these notes is valid only for solid or
hollow cylindrical shafts. All cross-sections which are plane in the unloaded state are assumed
to remain plane and undistorted in the loaded state, which is a fair assumption due to axi-
symmetry, see Figure 3-3. Furthermore, the angle of twist ¢ and the shear strain y must be
small (we write 6, ¢ << 1). The material of the shaft must be linear elastic, isotropic (meaning
that the material parameters are directionally independent) and homogeneous. Hence, the
theory is only valid as long as the stresses are within the elastic range.

Our motivation for learning to master the theory contained in the present chapter is to calculate
shear stress and deformation by twist of shafts, which as mechanical components are widely
applied in drive train systems. An example of a shaft and a mechanical differential for
transmission of torque through a system is shown in Figure 3-2. The present theory is therefore
among the most important tools for mechanical design which strength of materials has to offer.

A. B. C.

Figure 3-1, A: shaft loaded by end torques shown as rotations, B: shaft loaded by end torques
shown as vectors, C : cross-section of a shaft subjected to torsional loads
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Figure 3-2 Shafts and differential for transmission of torque (from Wikimedia, GNU free
documentation license)
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Figure 3-3 Visualization of the state of deformation caused by torsion (obtained by scaling of
results obtained by finite element analysis). It is noted that the cross-sections remain plane and
undistorted

3.2 Torsional equilibrium

If the cross-section of the shaft in Figure 3-1-A and -B is considered, the internal torque can be
calculated by summing up all contributions of force times distance throughout the cross-
sectional area. If an infinitesimally small area dA with a radial distance from the centre of the
shaft is considered, the force dF contributing to the torque will act perpendicular to the radial
direction. The equilibrium of torque T requires that the following condition to be be

T=fde=]prdA (3-1)

in which Cauchy's definition of shear stress 7 = dF /dA has been applied in order to rewrite the
integral in area dA instead of force dF. However, the distribution of shear stress throughout the
cross-section is statically indeterminate, which in this case means that equilibrium of force (or
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stress) is not sufficient when aiming to find the equilibrium state. It is therefore necessary to
consider the deformations in order to determine the stress distribution.

3.3 Mode of deformation: angle of twist and shear strain

In Figure 3-4 a shaft subjected to torsional loads is shown. It is noted that a circular section of
radius p is considered and not the outer surface defined by the shaft radius, ¢ > p. Torsion leads
to a twist of the cross-section so the point A is shifted to the position A’ in the deformed state.
The centre point is denoted O and the angle spanned by the lines OA and OA' is called 'the angle
of twist' and is denoted . This angle is a measure for how much the shaft has been deformed by
torsion. Since the shaft is circular, it can be observed that plane cross-sections remain plane and
undistorted. This is not the case for cross-sections with other geometries, which in general may
warp in torsion. The line A-B, which is horizontal in the unloaded state together with B-A’ spans
the angle, which is recognized as the shear strain. The shown element can be observed to be free
of normal stress, so a shaft in pure torsion is in a state of pure shear. For small angles, the
triangle AA'O can be considered right-angled. The tangents relation therefore gives the
following equation

tan(y) = % (3-2)
Equivalently, we get the following expression when considering OAA’

tan(p) =7 (3-3)
Isolating x in Eq. 3-2 and substituting the obtained expression into Eq. 3-3 yields

tan(y) = NP0 (3-9

These equations govern the shaft deformations and are valid for moderately large angles.
However, it is difficult to obtain an analytical solution for those due to the harmonic term. We
will therefore in the following section simplify those to a form more appropriate for analytical
calculations. We note before proceeding that angles always are calculated in radians in
structural mechanics.

Figure 3-4 Torsional twist and shear strain of a shaft
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1.1.1.First order Taylor approximations for small angles

Taylor's formula is a mathematical tool enabling us to approximate a function f{x) with a
polynomial of n’th order on basis of f{a) and the n-derivatives in the point x = a. Obviously, fand
it's derivatives to the n’th - 1 order are required to be continuous differentiable. It is noted that
Taylor polynomials not always converge for n — oo though this is often the case.

oo

f™ (@)
f@)= Y = —ar (3-5)
n=0
The factorial n! Is defined as n-(n—1) -...-1 (example: 4-3-2-1). The curious reader may

have noted, that the factorial 0! = 1. (per definition) in order for this to make sense. Anyone
taking particular interest in this detail, is encouraged to go and bother some mathematician
with it. For engineering applications, we in most cases continue by (as fast as possible)
simplifying Taylor's formula to a first order approximation

fe) = f(@)+ f(@)(x-a)" (3-6)
This is equivalent to approximating f{x) by a linear function through the point f{a) and f(a).
Applying this to the well-known trigonometric functions sine, cosine and tangents with a=0 and
x=0 yields

sin(6) = sin(0) + cos(0) 6 =6 (3-7)
cos(@) = cos(0) —sin(0)6 =1 (3-8)
tan(9) ~ ? =60 (3-9)

The trigonometric functions are shown in Figure 3-5 which can also be used to assess the
validity range of the conducted approximation. Applying the last result in equation enables us
for small angles (¢, 8 << 1) to perform the following simplification

tan(e)p

taniy) = L (3-10)

-y = %
OAA’ is strictly speaking not right angled, so ¢ has to be moderately small for the tangent
relations to be a fair approximation. However, we could also have obtained this relation on basis
of the arclength AA’, which would give us the relation yL = ¢@p, so the result remains valid.
The expression shown above reveals that the shear strain is linearly distributed throughout the

cross-section with maximum at the outer surface of the shaft (for p=r). Hence we have
Qr

=

Vmax = T (3-11)
The two equations provides the following expression for the shear strain in terms of maximum

shear strain
p
Yy = Vmax; (3-12)
This enables us to start looking into stress calculations.
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Figure 3-5 First order Taylor approximation of the functions sine and cosine valid for small
angles (in radians)

3.4 Calculation of shear stresses due to torsion
Having obtained mathematical expressions for the shaft deformations in terms of the angle of
twist ¢ and the shear strain y in the previous chapter, our scope is now to use these to derive
expressions that can be used for stress calculations. After all, this is what is required for
practical design purposes, and is therefore of great importance.
In order to obtain the shear stresses, Hook's law for shear stresses will be applied on the well-
known form t = Gy, in which G is the shear modulus and is a material specific parameter. This
enables us to relate the shear strain in Eq. 3-12 to shear stresses by multiplying both right and
left hand side with G

Yy = Vmaxg

p (3-13)

- Gy = Gymax;

We immediately recognize these terms as shear stresses and may now write
p

T= Toax (3-14)
The physical interpretation of this result is that the shear stresses vary linearly throughout the
cross-section as a function of the radial distance to the center of the shaft. Furthermore, it is
observed that the shear stresses have maximum value at the outer surface of the shaft (for p=r).
All that is now left to do, in order to obtain a really awesome equation for design of shafts, is to
relate the shear stresses to the internal torques. In order to do so, we will return to considering
Figure 3-1, that led us to derive equation 3-1. This can with the knowledge of the state of strain
we have gained, be rewritten as
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T = fptdA
p
= fptmax; dA (3'15)
_ Tmax 2
= fp dA

We will now for the sake of convenience define the polar moment of inertia in the following
fashion

J= fpz dA (3-16)
Substituting this into equation 3-15, we obtain the following expressions
T — Tmax] — E]
r p (3-17)

Rearranging this, we obtain what we were after, namely an expression which gets us the
torsional stresses

T
7(p) = 7” (3-18)
Tmax = E (3-19)
Ji

These two formulas can be used for engineering design. The shear stresses can be observed to
be linearly distributed over the cross-section with maximum at the outer surface and to be zero
in the center of the shaft. This is visualized in Figure 3-6.

Figure 3-6 Distribution of shear stress due to torsion throughout the cross-section of a shaft

3.5 Calculation of the angle of twist
As a measure of deformations due to torsion, the angle of twist is usually calculated.
We will return to the derived expression for the shear strain given by

= % (3-20)
Furthermore, we have

_Tmax Tl Tr

I N AN
Letting the two derived expressions for the shear strain equal each other, the following
expression for the angle of twist is derived

(3-21)

or _Ir 3-22
L JG (3-22)
] HOCHSCHULE Lecture Notes
RHEIN-WAAL Introduction to Strength of Materials pp. 7

Rhine-Waal University
of Applied Sciences



TL

d = —

@ 7G
This expression can be applied for calculation of the angle of twist of a shaft with constant
cross-section subjected to end torques as shown in Figure 3-1. For more complex shafts with
various diameters and external torques added between the end points, the angle of twist can be

calculated by adding the contributions from each separate shaft segments by the equation

TL
= = (3-23)

3.5.1 Calculation of the polar moment of inertia
The polar moment of inertia is now obtained for a solid shaft by evaluation of the integral in the

following expression
2w r

J =L p*dA =f fpz(pdpdG)
2m 7 ° 0 (3-24)

=f fp3dpd0
0 0

in which we have utilized that the infinitesimal area considered is given by dA = pdpd6. We
recall that a double integral is solved by carrying out the first integration in one variable
treating the other variable as a constant, before conducting the second integration threating the

first variable as a constant. This yields
2 r

2m p4 r
j fp3dpd9 =j [Z] dae
0 0 0 0

21 .4
_ f L (3-25)
, 4

r# 0 s )
= |— = —4LTT
4], 4
For a solid shaft we have now obtained the polar moment of inertia. This is a cross-sectional

constant given by
I

— 4
Jsotid shaft — Er (3-26)
Moments of inertia are additive when calculated around the same axis. Hence, we may obtain
the polar moment of inertia for a hollow shaft by subtracting the polar moment of inertia of the
inner circle from the polar moment of inertia of the outer circle

I
Jhotiow shaft = 2 (T'04 - Ti4) (3-27)
This procedure is illustrated on Figure 3-7.
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Figure 3-7 Illustration of the process for calculation of the polar moment of inertia for hollow
shaft

We will end this chapter with a calculated example demonstrating how shear stresses and angle
of twist is calculated for a compound cylinder in torsion.

Calculated example 3A: compound cylinder in torsion
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Figure 3-8

The compound cylinder shown in Figure 3-8 has geometry defined by the following set of
parameters: t=10 mm, dap=125 mm, dpp=80 mm, Lap=300 mm and Lpp=200mm. The cylinder is
subjected to external torques Tp=5000 Nm and Tp=3000 Nm. Segment AB is made of steel with
shear modulus Gap=77 GPa and segment BC is made of aluminum with shear modulus Gzp=25
GPa.

Calculate a) the maximum shear stress in the two segments, b) the angle of twist of point D.

Solution

Step 1: The internal torques are determined on basis of the free body diagrams shown in Figure
3-8. For the diagram in Figure 3-8-1II, we obtain

2T =0->-Typ+Tg+Tp=0->T=Tp+Tp

In a similar fashion, Tgp is obtained on basis of the right segment in Figure 3-8-1V
YT=0--Tgp+T=0-Tgp=Tp
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[Example 3A continued ...]
Step 2: In order to proceed, the polar moments of inertia for the two segments are required.
These are given by

Jap = g(TfB,o —Tipi) = %«@)4 B (w)l}) = 1.20-107mm?

4
Jsp = %ﬁ?p = %(80 ;nm) =4.02 - 10°mm*

The shear stresses can now be calculated:
(5000+3000)-103 Nmm- 221"

TABTAB 2 N
Tyg = = =417
AB JaB 1.20-107mm* mm2
i 3 _80mm
o TeoTep _ 3000-10°Nmm=—2 29.8_N
BD JBD 4.02:105mm* " mm?2

Step 3: Finally, the angle of twist of point D is obtained as the sum of twists in the two segments

op =Y TL _ Taplap | TepLBD
b G]  GapJaB GepJBD
__(5000+3000)-103Nmm 300mm 3000:103Nmm 200mm
77-103—1>1.20-107 mm* 25:103—14.02-106mm*
mm mm

=2.59-1073rad + 5.97 - 107 3rad = 8.59 - 10~ 3rad
The twist angle is converted to degrees by

_3 180deg
8.59-10"°rad-———=0.49 deg
m rad

3.6 Torsion of thin-walled tubes
The theory introduced this far is solely valid when calculating stresses in solid or hollow shafts
with circular cross sections. We may extend the theory to apply when calculating stresses in
thin-walled tubes of general shape. We will define the shear flow by the equation
T

f= 24, (3-28)
which is a measure for how much shear stress that passes through a cross section. The area An,
can in Figure 3-9 be observed to refer to the area spanned by the mid-line of the wall and does
not constitute the cross sectional area.
The distribution throughout the wall is however unknown. If a tube is thin-walled, we may
assume the shear stress constant throughout the wall thickness. We may then obtain the
stresses by dividing through with the thickness t

A 3-29
YT 2tA, (3-29)
As an example of application, we may consider the box shaped tube in Figure 3-10. If this is

subjected to a torsional moment, the stresses in the horizontal and vertical faces are given by

_ T _ T NN
Tver = 2t1brhr Thor = 2tybrhr Am =bh (3_30)

It is of the outmost importance to note, that this procedure for stress calculation is only valid for
closed tubes with low wall thickness. Open beam profiles like I and T shaped profiles will when
subjected to torsion exhibit a behavior including warping, for which cross sections do not
remain plane. This cannot be accounted for with the present method.
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A procedure for calculation of stresses in solid bars was developed by Timoshenko and is often
applied for mechanical design?
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Figure 3-9 Torsion of thin-walled tubes Figure 3-10 Box shaped tube
! Online lecture notes from MIT courseware
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Problems

Figure P3.1 Figure P3.2

Problem 3.1

The shaft shown in Figure P3.1 is of length Lag=1200 mm and radius rag=20 mm. The shaft is
made of titanium with shear modulus G=41.4-103 N/mm2. The design of the shaft must fulfill
the following requirements: 1) the shear stress is not to exceed 150 N/mm?, 2) the maximum
angle of twist is not to exceed 5.0 deg. Calculate the maximum torsional moment that can be
applied to the shaft.

Ans: stress based design: T<1.885-10¢ Nmm, deformation based design: T<756.7-103 Nmm

Problem 3.2
In Figure P3.2, a shaft subjected to the two torsional moments Tz=T¢= 1000 Nm is shown.
The inner and outer diameter of the shaft is given by di=100 mm and d,=110 mm, and the
lengths are given by Lag=1000 mm and Lgc=1500 mm. The shaft is made of aluminum with a
shear modulus given by G=25-103 N/mm?. Calculate: a) the reactional torque moment in the
section marked A, b) Calculate the stresses in the two segments AB and BC, c¢) Calculate the
angle of twist of point C
Ans: a) T4=2000-103 Nmm (directed opposite Tz and T¢)

b) TA3:24.1 N/I’Tlr'fl2 B THC:12-1 N/mmz

c) ¢pc=0.1756rad+0.01317rad=0.03072rad (1.76 deg.)
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diameter d,;

Figure P3.3 Figure P3.4

Problem P3.3
In Figure P3.3, a compound circular shaft in torsion is shown. The diameters of the shaft are
given by dag=75 mm and dgc=50 mm. The lengths shown in the figure are given by Lag=500 mm
and Lgc=600 mm. The two torsional moments have directions as specified in figure 3.3 and
magnitudes given by Tg=7500-103Nmm and T¢=1500-103Nmm. The shaft is made of steel with
shear modulus G=80-103N/mma2. a) Calculate the stresses in the two segments AB and BC, b)
Calculate the angle of twist of point C, c) Is the angle of twist sufficiently small for the analytical
expression to be valid ?
Present a mathematical argument for your answers.
Ans: a) tag=72.4 N/mm?2, 15c=61.1 N/mm?

b) ¢c=-0.01207rad+0.01834rad=0.0063rad (0.359 deg.)

Problem P3.4

The motor shown in Figure P3.4 rotates the drive shaft AE with constant speed. The drive shaft
has constant outer diameter do=120 mm and inner diameter di=80 mm. Furthermore, the
drive shaft is subjected to the external torques Tg=3800 Nm, T¢=2600 Nm and Tp=600 Nm.
Calculate the stresses in the shaft segments AB, BC, CD and DE.

Ans: Tap=25.71 N/mm?2, tgc=11.75 N/mm?, tcp=2.20 N/mm?2, tpg=0

Problem 3.5

The two solids shafts shown in Figure P3.5 have
geometry given by the parameter set daz=25 mm,
Lag=800 mm, d¢p=30 mm and L¢p=1200 mm and are
connect by gears mounted in B and C with radii rg=50
mm and rc=110 mm. The shafts are made of steel with
shear modulus G=77-103 N/mm2 If the maximum
allowable shear stress is given by Taiw=45 N/mm?2, a)
calculate the maximum value of T4 that can be applied,
b) for this value of T,, calculate the corresponding angle
of rotation of point A.

Ans: a) Tap=138.1 Nm, Tpc=108.4 Nm

Figure P3.5 b) $4=0.132 rad (7.58 deg)
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Figure P3.6 Figure P3.7

Problem 3.6

A hollow rectangular section is specified by the parameters h=200 mm, b=120 mm, t;=10 mm
and t,=15 mm. The cross-section is subjected to a torsional moment T=2.2-104 Nm. Calculate the
maximum stress in the cross-section due to torsion.

Ans: Ty = 54.1—

mm?
Problem 3.7
The pipe shown in figure P3.7 is constrained between two walls preventing it from twisting.
The pipe is 2 m long and with an outer diameter of 110 mm. Furthermore, section BD is hollow
with a constant wall thickness of 20 mm. The pipe is made of aluminum with a shear modulus
of 25 GPa. If a torque of magnitude Tz=7.5-103 Nm, calculate the shear stresses in the sections
AB and BD.
Hint: Use the same principle as we applied, when solving statically indeterminate axial load
problems to formulate an equation of compability.

N N
Ans: Tap = 20.2 W, Tap = 101mm2
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